
^�Ï"��Ý)Û
ú²iZ��
�Ä�½n

37K¥�A^

111888ÙÙÙ lllÑÑÑ���ØØØ

1 ^�Ï"��Ý)Û
¯����ÿ5
^�Ï"��*Ú\
^�Ï"�½Â�5�

2 ú²iZ��
Úó
��½Â95�
²;~f

3 �Ä�½n
lÑ/ª��ÅÈ©
Ê��Ê�üÑ
�ÀÊ�½n
²;A^~

4 37K¥�A^
Ä�Vg
û)y ½d�1�Ä�½n
Ï��~
��ä]�½d�.

School of Mathematics, SHUFE 18Ù lÑ�Ø



^�Ï"��Ý)Û
ú²iZ��
�Ä�½n

37K¥�A^

¯����ÿ5
^�Ï"��*Ú\
^�Ï"�½Â�5�

êÆÏ"´'u�Å¯��Ï²þ(J�ýÿ;

^�Ï"KL², �X·�¼��õ&E, ù�ýÿ���¬�Ä�?�Ú�#.

1 2.1 ! ^�Ï"

���!!!888III:

· n) σ−�ê(½¡¯��)=&E, �ÿ=®�;

· Ýº^�Ï"�½Â, Ø%5�;

· ¬^^�Ï"�{üýÿ�O�.
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Ø%Vg: &&&EEE666(Filration)

¤¢¯�� G ´�, ���m÷v,
^��f8|¤�8Ü.

'X, σ(X ) �L
ÏL*ÿ�ÅCþ X ¤U¼���Ü&E.

XJ¯�� Ft (t ≥ 0) ÷v

üüüNNN555: Fs ⊂ Ft , s < t,

K¡ (Ft) �&E6.

ù¿�X�X�mí£, ·�Ýº�&E�OØ~.

~~~XXX, �m t ��½|þ�*ÿ��¤k�&EP� Ft ,
�A�&E6Ò´ (Ft).
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�ÿ5=®�
� X ´ (Ω,F ,P) þ��ÅCþ, G ⊂ F .

½Â 2.1.1

XJé?Û¢ê x , k {X ≤ x} ∈ G, K¡ X 'u G �ÿ. �
Ò¿�Xµ

333PPPkkk&&&EEE888 G ������eee, X ������®®®²²²(((½½½���������.

~X, 8U��d Sn ´ Fn �ÿ�;
²U��d Sn+1 Ï~Ø´ Fn �ÿ�.

⋄ � S = {Sn, n ≥ 0} ´���ÅL§. eé?Û n, Sn 'u
Fn �ÿ, K¡L§ S 'u (Fn) ´···AAA���. P

F0
n := σ(Sk , k ≤ n),

¡� S �g,6. ��L§'u§�g,6o´·A�.
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·K 2.1.1

(¼ê��6) Y 'u σ(X ) �ÿ��=� Y ´ X �¼ê, =

∃f : Borel ¼ê(=”äN�±�Ñ5”�¼ê), s.t. Y = f (X ).

aq/, e Y 'u σ(X1, · · · ,Xk) �ÿ, K�3õ� Borel ¼ê
f , ¦�

Y = f (X1, · · · ,Xk).

ù�, ²~` Y �6u X1, · · ·Xk .

5. éõ�ÿ, ��]��ÂÃØ��ûu���¦.
'X��-ªªÏ�., §�ÂÃQ�ûu�¦d� S, ��ûuÅÄÇ σ. d�, ��ù�ÂÃ Y ´d S Ú

σ �Ó(½�, @o Y Ò´ùü�Cþ�¼ê: Y = f (S , σ).

ùÒ´¤¢�Y ���666uuu X1, · · · ,Xk ���&&&EEE.
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~ 1. (Portfolio) XJ S ´�¦d�, Y ´Ï�ÂÃ, @o Y 7
L´ S �¼ê, 'X

Y = (S −K )+ = max{S −K , 0}.

=, Ï�ÂÃ Y �6u(�=�6u)�¦d� X �&E. ♯

~ 2. (ØØØ���ÿÿÿ������~~~)b� Y ´²UCÕ����d, 
 X ´8
UCÕ����d. �¯ Y ´ X �¼êí? = Y = f (X )
¤áí?
ØØØ¤¤¤ááá. ¯¢þ, =¦·��
8U��d X , ·�ØU(
½²U��d Y . ²U�k#��Å�E(#� ω)?5. �

²²²UUU������ddd Y '''uuu888UUU���&&&EEE σ(X ) ´́́ØØØ���ÿÿÿ���.

♯
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^�VÇ�^�Ï"��*Ú\

Ú~. (Ä�ûü�Ï"£�) c3kn����û¥,
· XJÀ1���, ÷ 2 ���Ò�±Ñ�
;
· XJÀ1���, ÷ 1 ����£��/;
· XJÀ1n��, ÷ 3 ����£��/.

(1) XJ´�äc, zg�ù�/�Ñ�ÅÀ���, ¯²þI�
õ��m÷Ñ�?

(2) XJ´�h²c, �cÀL��Ø2À, ¯²þI�õ��m
÷Ñ�?
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5. �VÇúª�í2 —– ���ÏÏÏ"""úúúªªª:

b� {Bi , i = 1, 2, · · · , n} ´���m���y©, K

E[Y ] =
n

∑
i=1

E[Y |Bi ]P(Bi ).

(5¿, Ty©��ÅCþ Y k'.)
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Ú~�)�

(1) ^ Y L«�cÑ�¤I�m. X ´À��, @o
E[Y |X = 1] = 2, E[Y |X = 2] = 1+ E[Y ],
E[Y |X = 3] = 3+ E[Y ]. Ïd

E[Y ] =
1

3
(2+ 1+ E[Y ] + 3+ E[Y ]),

�� E[Y ] = 6.

(2) h²cUÀ��^Ske¡��U: 1, 21, 31, 321, 231, V
Ç©O� 1/3, 1/6, 1/6, 1/6, 1/6. � E[Y |1] = 2,
E[Y |21] = 3, E[Y |31] = 5, E[Y |321] = E[Y |231] = 6. �

E[Y ] = 2/3+ 3/6+ 5/6+ 6/6+ 6/6 = 4.

h²c²þ�r 2 ���. ♯
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~ 2.1.5 �f A, B ¥©Ok n �x¥Ú n �ç¥, zg���¥�
�, ¦ k g���� A ¥�x¥ê�Ï".

). ^ Xi L« i g���� A ¥�x¥ê, i ≥ 1,X0 = n,
Ké ∀j ≤ n,

P(Xi = j − 1|Xi−1 = j) =
j2

n2
,

P(Xi = j |Xi−1 = j) =
2j(n− j)

n2
,

P(Xi = j + 1|Xi−1 = j) =
(n− j)2

n2
.
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^�Ï"�

E[Xi |Xi−1 = j ] = (j − 1)
j2

n2
+ j

2j(n− j)

n2
+ (j + 1)

(n− j)2

n2

= (1− 2

n
)j + 1.

Ïd
E[Xi |Xi−1] = (1− 2/n)Xi−1 + 1.

,�é?¿ i ≥ 1, ��4í
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E[Xi ] = (1− 2/n)E[Xi−1] + 1

= (1− 2/n)[(1− 2/n)E[Xi−2] + 1] + 1

= · · ·

= (1− 2/n)iE[X0] +
i−1

∑
j=0

(1− 2/n)j

= (1− 2/n)in+
1− (1− 2/n)i

2/n

=
n

2
(1+ (1− 2/n)i ),

��

E[Xk ] =
n

2
[1+ (1− 2/n)k ].

♯
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Ö¿K. �¶mó�?��kn÷��¶³¥. 1�÷�Ï����
�, rü���¦���S�«; 1�÷�Ï�q����,
rn���¬¦¦£�ù�¶³¥; 1n÷�Ï�2���
�, rÊ���, �¬¦¦£�¶³¥. b½ù¶óo´��
U/3n÷�¥À�÷, 4·�O�¶ó��S�«/�m
X �Ý1¼ê ψ(t) = E[etX ].
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5. �Ä�aqc¡O�úª�Û�5, ·�I��«Ø�6äN(©Ù�)O�úª, ��6“5�”�½Â.

½n 2.1.2 ¢S�Ñ


^�Ï"��5�½Â

XJ ξ ´÷v±e^���ÅCþ:

1 (���ÿÿÿ555) ξ ´ G �ÿ�(= ξ �U�6�c®��&E);

2 (ÃÃÃ   555) é ∀A ∈ G, Ø���«¼ê��µ

E[(Y − ξ)1A] = 0.

@o¡ ξ ´Äu&E8 G é Y �^�Ï", P�E[Y |G].
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E[Y |G] ´Äu�c&E G, é Y � ���ZZZþþþ���ØØØ������OOO(Best Mean Square Estimator, BMSE).

ã«: ^�Ï"�AÛ¿Â
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5º.

ÊÊÊÏÏÏÃÃÃ   : E[θ̂ − θ] = 0, Ø�½íÑ��.

⋄ ��å
Ø�3�Û�m/þ�� 0, vk�äØ��yk
&E/�'5.

^̂̂���ÃÃÃ   : E[θ̂ − θ|G] = 0, 7,íÑ^���.

⋄ ��r�Ø���u��®�&Ef�m.

(���������


: �ÿCþUÄlÏ"¥JÑ5.)
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~ 2.1.6 b����� s �&Òl � A uÑ, 3 � B ��Â�
�&Ò�Ñlëê´ (s, 1) ���©Ù.
2b�l � A uÑ�&Ò S Ñlëê´ (µ, σ2) ���
©Ù, 3 � B ��Â��&Ò� R = r ,
Ké � A uÑ�&Ò���`ýÿ�õ�?
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). Äk, O��½ R �^�e S �^��Ý¼ê

fS |R(s |r) =
fS (s)fR |S (r |s)

fR(r)
= C ′e−(s−µ)2/2σ2

e−(r−s)2/2,

=C exp

{
−
(
s − µ + rσ2

1+ σ2

)2

⧸ 2σ2

1+ 2σ2

}
,

Ù¥, C � s Ã'. �±ä½3�Â&Ò� r �½��¹e,
Uì��zþ�Ø��K, éuÑ&Ò��`ýÿ´

E[S |R = r ] =
1

1+ σ2
µ +

σ2

1+ σ2
r .

þªL²^�Ï"�u

&Ò�k�þ� µ ��É&Ò r �\�²þ,

Ù�g��­�'� 1 : σ2.
♯
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Ø%5�µ7KêÆ�/ún0
1 (���555555) �´|Ü��5U\:

E[c1X + c2Y |G] = c1E[X |G] + c2E[Y |G].

2 (SSS���ÏÏÏ"""{{{KKK / ©©©555���)

E[E[Y |G]] = E[Y ].

777KKK¿¿¿ÂÂÂ: XJ\8Ué/²U�ýÏ02��gýÏ, (
JÒ´/8U��0. ù´Ã@|½d�Ä:.

3 (JJJÑÑÑ®®®���þþþ)

E[ZY |G] = ZE[Y |G] (e Z ´ G-�ÿ).

777KKK¿¿¿ÂÂÂ: ®²u)�y76 Z �±��JÑ�Ï"	
¡(�m�©5).

School of Mathematics, SHUFE 18Ù lÑ�Ø



^�Ï"��Ý)Û
ú²iZ��
�Ä�½n

37K¥�A^

¯����ÿ5
^�Ï"��*Ú\
^�Ï"�½Â�5�

Õá5

e Y � G Õá, K E[Y |G] = E[Y ].

⋄ (ÃÃÃ^̂̂&&&EEE) XJ#�&E8 G �·��ýÿ�]� Y �
�Ã'£Õá¤, @où�&EÎÃd�, ýÿ�Ò´Ã^
�Ï".

i@5 (Nesting / Tower)

e G1 ⊂ G2§K

E[E[Y |G1]|G2] = E[Y |G1].

⋄ (BBB<<<½½½nnn) =¦\²U¼�
�õ&E G2, ��\£Þw
�UÄu G1 ��ýÿ, @�ýÿ���´Ø¬C�.

⋄ (���NNN555) y3�ýÿ7L�L��ýÿ�N.
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Jensen Ø�ª: ºx�Ø(½5

(Jensen Ø�ª)

e ϕ ´à¼ê£X ϕ(x) = x2 ½ ex¤, K

ϕ(E[ξ|G]) ≤ E[ϕ(ξ)|G].

⋄ 777KKK)))ÖÖÖ(ºººxxx������): éu��ºx���Ý]ö(�^¼
ê´]� −ϕ),
(((½½½555���ddd (Certain Equivalent)o´�uÏÏÏ"""ÂÂÂÃÃÃ.
=, �5�Ø(½5´k/¤�0�.
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~ 2.1.9 (����©Ù��5ýÿ) � (X ,Y ) ÑlIO����©
Ù§�'Xê� r .

�{ 1. (�Ýí�{) O��^�©Ù

Y |X = x ∼ N(rx , 1− r2),

¤± E[Y |X = x ] = rx , î�/ E[Y |X ] = rX .
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�{ 2. (��©){ (7KÀ�):) Ï� X ,Y ´IOz�, ¤±

E[(Y − rX )X ] = cov(Y ,X )− rcov(X ,X ) = r − r = 0,

= Y − rX � X ������ (Ø�'). duéÜ��5, ØØØ���'''
⇒ ÕÕÕááá.

(i) Õá5 ⇒ E[Y − rX |X ] = E[Y − rX ] = 0.
(ii) Ïd E[Y |X ] = E[rX |X ] = rX .

���úúú: 3�½ X �&Ee, Y �Ð�ýÿÒ´ X ��5|
Ü rX , �e�Ü© Y − rX ´/D(0, � X ��Ã'. ♯
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~ 2.1.10 (EÜ�ÅL§) � X = {Xi} ´ÕáÓ©ÙS�, N ´� X
Õá��K�ê��ÅCþ. ¦�ÅÚ Y := ∑N

i=1 Xi �Ï
"���.

). |^�Ï"úª (Tower Property):

ψY (t) := E[etY ] = E[E[etY |N ]]

= E[(ψX (t))
N ] ()¤¼ê�EÜ).
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UY¦Ý:

EY = E[E[Y |N ]] = E[N · EX1]

= EN · EX1 (Wald �ª).

éu��, |^^���úª:

Var(Y ) = E[Var(Y |N)] + Var(E[Y |N ])

= E[N · Var(X1)] + Var(N · EX1)

= EN · Var(X1) + (EX1)
2 · Var(N).

♯
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�Ä��{ü��M1�iZ, �¡I 1 �, �¡Ñ 1 �.

Ú~. (��þ��ÅiÄ) � {ξn, n ≥ 1} ´Õá�ÅS�,�

P(ξn = 1) = p, P(ξn = −1) = q = 1− p.

-
X0 = x , Xn = Xn−1 + ξn, n ≥ 1,

¡ {Xn, n ≥ 0} ´l x Ñu�{ü�ÅiÄ. 5¿�,

E[Xn+1|X1, · · · ,Xn] = Xn + E[ξn+1]

=Xn + (p − q)


> Xn, p > q (: `̀̀³³³iiiZZZ,)
= Xn, p = q (: úúú²²²iiiZZZ,)
< Xn, p < q (: ���³³³iiiZZZ.)

♯
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ú²5�Ø%:

3®��c&E��¹e, é�5��ZýÿÒ´�±yG(QØ
Þ�ØO).

777KKK¥¥¥���úúú²²²555:

⋄ k�½|b`: �¦d�®²�N
¤k�^&E, Ïd�
5�d�CÄØ�ýÿ(=d�L§´�);

⋄ û)¬½d: 3ºx¥5ÿÝe, òy��]�d�´��
�.

e¡�Ñ½Â.
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��½Â

½Â 6.1.1

1. �ÅL§ {Zn, n ≥ 1} ¡��, eé?¿ n, E|Zn| < ∞, �

E[Zn+1|F0
n ] = Zn (½ö�d/ E[Zn+1 − Zn|F0

n ] = 0.)

¡ {Zn+1 − Zn, n ≥ 1} ���S�.

2. e E[Zn+1|F0
n ] ≥ Zn, K¡ {Zn, n ≥ 1} ¡�e�.

3. e E[Zn+1|F0
n ] ≤ Zn, K¡ {Zn, n ≥ 1} ¡�þ�.

⋄ �*¹Â: 3�½�&Ee, éãLOþ�ýÏ´".
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(�Ö¥~ 6.1.1. )

5¿, �¿Ø�½I�´Õá�ÅCþ�Ú.

~ 1. ÙM1���¡, Xe�O�«Ù{:

1�ÛÙ�¡, 1�Ûm©o´Ùc�ÛÑy�¡.

@o
Sn := ξ1 + ξ1ξ2 + · · ·+ ξn−1ξn, n ≥ 1

´�. ♯
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,?��½Â

½Â 6.1.2

�k6 (Gn), (�È) �ÅS� {Xn : n ≥ 0} ¡�'u (Gn) ´
�½ö (Gn) �, XJ

(1) {Xn} ·Au6 (Gn);

(2) é?Û n, k
E[Xn+1|Gn] = Xn.

(�Øýk�½��6�, Ï~��ÅS��g,6
ó.)

5. ¯¢þ, ü���½Â��þv�o«O.
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���55��Ø�ª

1 (Ó��&E6e) ���N�¤���5�m.

2 ��Ï"´~ê, e��Ï"´ n ��4~S�.

þ�“Ï"�e”, e�“Ï"�þ”.

3 (d Jensen Ø�ª)

(i) e X ´�, ϕ ´ à¼ê, � ϕ(X ) �È, K ϕ(X ) ´e�.

~X, |X |, X 2. �öI�÷v²��È5.

(ii) e X ´e�, ϕ ´à¼ê�üN4O, K ϕ(X ) �´e�.

~X, X+.
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~ 2. (]�d��ÅÄ5)
� (Xn) ´��ú²Ý]üÑ31 n U(å��\OJº,
b�z�U�Oþ ξn+1 ´ÕáÓ©Ù�, �

E[ξn+1] = 0, D(ξn+1) = 1(=zU²þ? 0�, �kÅÄ).

@o Xn+1 = Xn + ξn+1. (êÆþ¡ (Xn) ����ÅÅÅiiiÄÄÄ.)

(((ØØØ: �, (Xn) ´�, � (X 2
n ) (ºx/ÅÄ5�Ýþ)´e�.

¯¢þ,

E[X 2
n+1|F0

n ] = E[(Xn + ξn+1)
2|F0

n ]

=X 2
n + 2XnE[ξn+1] + E[ξ2n+1] = X 2

n + 1 > X 2
n .

⋄ ùNy
ºx�ÂÃ�'X: ���,,,ÏÏÏ"""ÂÂÂÃÃÃ��� 0, ������XXX���
mmm���ííí£££, ºººxxx(������)333ØØØäääOOO\\\. ♯
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Úó
��½Â95�
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~ 6.1.2 (Wald �) � {Xn, n ≥ 0} ´c¡J��{ü�ÅiÄ, {ξn}
´Õá�ÅS�, Pg,6�

Bn = σ(ξk , k ≤ n) = σ(Xk , k ≤ n), n ≥ 1.

é λ > 0, -
Yn := λXn , n ≥ 0.

�

E(Yn+1|Bn) = E(λXn+ξn+1 |Bn) = λXn · E(λξn+1 |Bn)

= Yn · (λp +
q

λ
).

Ïd {λXn(λp + q
λ )

−n, n ≥ 0} ´�S�, ¡� Wald �. ♯

5. � p ̸= q �, � λ = q
p , λp + q

λ = 1, {
(
q
p

)Xn

} ´�S�.
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Úó
��½Â95�
²;~f

~ 6.1.3 (Doob �) � ξ ´½Â3 (Ω,F ,P) þ��È�ÅCþ,
{Fn, n ≥ 1} ´ F ���&E6(filtration). -

ξn := E[ξ|Fn], n ≥ 1,

@o {ξn,Fn} ´���, ¡� Doob ���.

~X, b� ξ ´���ýÿ��ÅCþ, yk�X�êâ Y1,Y2,
· · · , -

Fn = σ(Y1,Y2, · · · ,Yn).

3�½ Fn �, é ξ ���þ�Ø�ýÿ�´^�Ï"
E[ξ|Fn]. �Ò´`, �X*ÿ&E�Øä\È, ξ ��Zý
ÿ ξn = E[ξ|Fn] �¤���. ♯
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lÑ/ª��ÅÈ©
Ê��Ê�üÑ
�ÀÊ�½n
²;A^~

lÑ/ª��ÅÈ©

(Ω,F ,P): VÇ�m, (Fn : n ≥ 0) ´6.

�ý�L§

�ÅS� {Hn : n ≥ 0} ¡�´�ý��, XJ

1 H0 ´ F0 �ÿ�;

2 é?Û n ≥ 1, Hn ´ Fn−1 �ÿ�.

� {Xn} ´·AL§, {Hn} ´�ý�L§, ½Â

Y0 := H0X0,

Yn := Yn−1 +Hn(Xn − Xn−1), n ≥ 1.

¡�L§ H 'u X ��ÅÈ©, ´���ÅÈ©�lÑ/ª.
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²;A^~

��Ä�½n

½n 6.2.1 (Doob)

� X ´��·AL§, H ´�ý�k.L§.

(1) XJ X ´�, @oL§ {Yn, n ≥ 0} ´�.

(2) XJ X ´e�� H �K, @o {Yn, n ≥ 0} ´e�.

y. w, Yn ´�È�¿� Fn �ÿ�, �é n ≥ 1,

E[Yn − Yn−1|Fn−1] = E(Hn(Xn − Xn−1)|Fn−1)

= HnE(Xn − Xn−1|Fn−1).

(1) XJ X ´�, Km>´", = Y ´�;
(2) XJ X ´e�� H �K, Km>��K, = Y ´e
�.
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lÑ/ª��ÅÈ©
Ê��Ê�üÑ
�ÀÊ�½n
²;A^~

Ê��Vg, ´VÇØ¥�­��Vg��. P I ���ê8.

½Â 6.2.1 (Ê�)

¡��� I ��ÅCþ T �(�éu6 (Fn : n ∈ I ) �)Ê�,
XJ

{T = n} ∈ Fn, n ∈ I .

~. (;.�Ê�: ÄÄÄ¥¥¥���) � A ´ Borel 8, ½Â

T := inf{n ∈ I : Xn ∈ A},

K T ´Ê�.
¯¢þ, ´Ä3�� n Ê�, ��6u� n �����&E:

{T = n} = {Xn ∈ A} ∩ {Xn−1 ̸∈ A} ∩ · · · ∩ {X0 ̸∈ A} ∈ Fn.

♯
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lÑ/ª��ÅÈ©
Ê��Ê�üÑ
�ÀÊ�½n
²;A^~

5¿�, Fn 'u n 4O, �

(1) T ´Ê��du

é?Û n ∈ I , {T ≤ n} ∈ Fn.

(2) XJ T � S ´Ê�, @o

{T ∧ S ≤ n} = {T ≤ n} ∪ {S ≤ n}.

·K.

XJ T � S ´Ê�, @o T ∧ S � T ∨ S �´Ê�.

(�½�m�À�Ê�.)
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lÑ/ª��ÅÈ©
Ê��Ê�üÑ
�ÀÊ�½n
²;A^~

Ê�üÑ/L§:

� T ´��Ê�. éu�ÅS� {Xn : n ∈ I}, g,/

38Ü {T = n} þ, ½Â XT := Xn, n ∈ I ,

¡� X 3Ê� T ?� �.

½Â T -Ê�S�

XT
n (ω) := Xn∧T (ω), n ≥ 0, ¡��ÊÊÊ���LLL§§§.

School of Mathematics, SHUFE 18Ù lÑ�Ø



^�Ï"��Ý)Û
ú²iZ��
�Ä�½n

37K¥�A^

lÑ/ª��ÅÈ©
Ê��Ê�üÑ
�ÀÊ�½n
²;A^~

Doob k.Ê�½n(Optional Stopping Theorem, OST)

½n 6.2.2

(1) XJ {Xn : n ∈ I} ´�, T ´Ê�, @o

Ê�S� {XT
n : n ∈ I} �´�.

(2) XJ {Xn : n ∈ I} ´�, T ´kkk...Ê�, @o EXT = EX0.

3ú²iZ¥, ?Û“h²�”Ê�üÑÑÃ{UCiZ�ú²5.
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Ê��Ê�üÑ
�ÀÊ�½n
²;A^~

5¿�, Ê���ÑØ¬´k.�.

⋄ ïÄ�o�¹e EXT = EX0 ¤á´�~k¿Â�¯K.

(ÄkÞ�~f`², (Ø��´Øé�.)

~ 6.2.1 (SK 6) � {Xn : n ≥ 0} ´��þ 0 Ñu�é¡�ÅiÄ,
´�. ½Â T ´: 1 �Ä¥�,

T := inf{n > 0 : Xn = 1},

@o XT = 1,
EXT = 1 ̸= 0 = EX0.

♯
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lÑ/ª��ÅÈ©
Ê��Ê�üÑ
�ÀÊ�½n
²;A^~

e¡�½n`²3�ÅiÄ�|Ü, T ��È5U�y�ª¤á.

½n 6.2.3 (Wald �ª)

� {ξn : n ≥ 1} ´�ÈÕáÓ©Ù�ÅS�� Eξ1 = 0, T ´�
ÈÊ�, K

E[
T

∑
n=1

ξn] = 0.

y²�'''���3u

|^ T ��È5, ÏL��Âñ½nò4�£�Ï"p¡.

School of Mathematics, SHUFE 18Ù lÑ�Ø



^�Ï"��Ý)Û
ú²iZ��
�Ä�½n

37K¥�A^

lÑ/ª��ÅÈ©
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²;A^~

y∗. ½Â Xn := ∑n
i=1 ξi , n ≥ 1, ´�. d Doob Ê�½n,

EXT∧n = 0, ∀n.

e T k., ½n(Øw,¤á.

e¡ky²� T �È�, XT �È. ¯¢þ,

E

(
T∧n
∑
i=1

|ξi |
)

= E(T ∧ n) · E|ξ1|,

düNÂñ½n,

E|XT | ≤ E
T

∑
i=1

|ξi | = lim
n→∞

E(T ∧n) ·E|ξ1| = ET ·E|ξ1| < ∞.
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²;A^~

y∗. (Y) ?�Ú/,

0 = E(XT∧n) = E(XT ;T ≤ n) + E(Xn;T > n).

� n → ∞ �, d��Âñ½n,

m>1���4� = lim
n

E(XT ;T ≤ n) = EXT .

,��¡,

E(|Xn|;T > n) ≤ E(
T

∑
i=1

|ξi |;T > n),

Ï�
T

∑
i=1

|ξi | �È, �2^��Âñ½níÑ

� n → ∞ �, E(|Xn|;T > n) −→ 0.

l
k EXT = 0.
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~ 6.2.3 (Ñ1¯K) �Äl a �m©�ÙÆ, 8I´I� b �½Ñ�
0 �(0 < a < b). zgÙÆÑI 1 ��VÇ�Ó��. ¯»
�VÇ p0 = P(Ñ� 0 �) Ú²þÙÆgê E[τ].

). � Xn L«1 n gÙÆ��]7,

τ = min{n : Xn = 0 ½ Xn = b}.

d OST, E[Xτ] = E[X0] = a, 
 Xτ �U� 0 ½ b, K

0 · p0 + b · (1− p0) = a,

)� p0 = 1− a/b.
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lÑ/ª��ÅÈ©
Ê��Ê�üÑ
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²;A^~

e¡O�²þÙÆgê. �d, �Ä� {Yn = X 2
n − n, n ≥ 0}.

|^ OST, k E[Yτ] = E[Y0] = a2, =

E[X 2
τ ]− E[τ] = a2,


 E[X 2
τ ] = 02 · p0 + b2 · (1− p0) = b2 · a

b = ab, ¤±

E[τ] = ab− a2 = a(b− a).

♯
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Ä�Vg
û)y ½d�1�Ä�½n
Ï��~
��ä]�½d�.

7K½|

Äk, 5¿��7K½|þkü«ÀÜ:

1. ºººxxxyyy   : Ùd�P�

{Xn : n ≥ 0}, ´��ÅS�.

2. ���ÃÃÃºººxxx������±±±���ÕÕÕ111: ��±�ÂÃd|Çû½, {ü/
b���±|Ç´���, Ñ´ r , =

�± x , e����d�´ (1+ r)x .

(x > 0 L«�±, x < 0 L«�±.)
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Ä�Vg
û)y ½d�1�Ä�½n
Ï��~
��ä]�½d�.

û)y �êÆ¿Â

Ï~, Ï�´��Ü�, =

±,�v½�� N Ú,«v½�ªïñy ��|.

Ï��d� V �6uy d�, �3�� N �´v½�:

V ´ X1, · · · ,XN �¼ê, ='u σ(X1, · · · ,XN) �ÿ.
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Ä�Vg
û)y ½d�1�Ä�½n
Ï��~
��ä]�½d�.

Ý]üÑ

b�3�� n, Ý]ö�ãL� Yn,

üÑ: ï Hn °y ,{
Hn > 0 L«ï\,
Hn < 0 L«ñ� (/y ñÑ),

�e�a�\Õ1. =, ÙãL©�Xe:

Yn = HnXn + (Yn −HnXn).

↪→ e���, ¦�ãLC¤

Yn+1 = HnXn+1 + (1+ r)(Yn −HnXn).

Ù¥, HnXn+1 ´ºxÜ©, (1+ r)(Yn −HnXn) ´�±Ü©.
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Ä�Vg
û)y ½d�1�Ä�½n
Ï��~
��ä]�½d�.

À1´k�md��.

Ú\ÎÒ:

Ỹn = (1+ r)−nYn, X̃n = (1+ r)−nXn,

(òy´�
�ØÃºx|Ç�K�, 4·�3-Ó�å��.þ'�ØÓ�m:�]�d�.)

©O¡L§ {Ỹn, n ≥ 0}, {X̃ , n ≥ 0} �òòòyyy������ãããLLLLLL§§§Úòòò
yyy������yyy   ddd���LLL§§§.

c¡��ÅÈ©C., �

Ỹn+1 − Ỹn = Hn(X̃n+1 − X̃n).

: òòòyyy������ãããLLL´́́üüüÑÑÑ'''uuuòòòyyy���yyy   ddd���������ÅÅÅÈÈÈ©©©.
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Ä�Vg
û)y ½d�1�Ä�½n
Ï��~
��ä]�½d�.

Ã@|½|

b�:

1 ½|�½: ]�d�L§ {Xn} ÚÃºx|Ç r ®�.

2 ãLL§ {Yn} dÐ©ãL Y0 Ú�´üÑ {Hn} û½.

½Â 6.3.1: k�½|/Ã@|½|

½|Ã@|, ´�Ø�3?ÛgK]üÑ {Hn} üÑÚ�� N,
¦�

Y0 = 0,YN ≥ 0,P(YN > 0) > 0

�dLã: é?¿üÑ {Hn} Ú?¿�� N, XJ Y0 = 0 �
YN ≥ 0, K7k YN = 0 a.s.
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Ä�Vg
û)y ½d�1�Ä�½n
Ï��~
��ä]�½d�.

��¤Ù�½|Ø�U�3@|Å¬.

êÆþ�L�I�JÑ���ddd���ÿÿÿÝÝÝ�Vg.

5. (3VÇ�m (Ω,F ,P) �±kÙ§VÇÿÝ.)
XJ ξ > 0, � Eξ = 1, ½Â

P̃(A) := E[ξ1A], A ∈ F ,

@o P̃ �´VÇÿÝ. w,ùü�VÇÿÝk�Ó�"V
Ç¯�, =

P(A) = 0 ⇔ P̃(A) = 0.

d�¡ü�VÇÿÝ�d.

⋄ ü��d�VÇÿÝ¬UCVÇ, �ØUCÄ���ÅA5, Ø¬rØ�UC¤�U, �Ø¬r�UC¤Ø�U.

��½Â¥VÇÿÝ´'�, ��VÇÿÝe��3,��ÿÝe��Ø´�.
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Ä�Vg
û)y ½d�1�Ä�½n
Ï��~
��ä]�½d�.

½n 6.3.1 (1�Ä�½n)

½|k���=��3���dVÇÿÝ P̃, 3ù�ÿÝe,

òy��y d�L§ {X̃n, n ≥ 0} ´�.

ù�ÿÝÏ~¡����ddd���ÿÿÿÝÝÝ.

5. �d�ÿÝÙ¢Ò´ºººxxx¥¥¥555ÿÿÿÝÝÝ.
3ý¢­.(P) p, �¦kª³(¤£);
�3ºx¥5­.(Q)p, ¤k]��ýÏÂÃÇÑC¤

Ãºx|Ç r , Ïdòy��d�C¤
�(Ãª³).
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Ä�Vg
û)y ½d�1�Ä�½n
Ï��~
��ä]�½d�.

d Ỹn+1 − Ỹn = Hn(X̃n+1 − X̃n) ��,

íØ

3ÿÝ P̃ e, {Ỹn, n ≥ 0} �´�, ¤±

Ẽ[Y0] = (1+ r)−NẼ[YN ].

ùp Ẽ L«'uVÇÿÝ P̃ �Ï".
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Ä�Vg
û)y ½d�1�Ä�½n
Ï��~
��ä]�½d�.

~. 1 v½d�� K �îªï\Ï�:

ØUJc�1, 7L3�ÏF�1.

�Ù�Ï�d�´ (XN −K )+, 3 0 ���d�´

Ẽ[(1+ r)−N (XN −K )+].

2 {ªï\Ï�: �îªï\Ï��«O´§�Jc�1.
e3��Ê� τ ≤ N �1, K§3 N ���d�´

(1+ r)N−τ(Xτ −K )+,

3 0 ���d�´

Ẽ[(1+ r)−τ(Xτ −K )+].

♯
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Ä�Vg
û)y ½d�1�Ä�½n
Ï��~
��ä]�½d�.

Claim: {ªï\Ï�Jc�1ØX3���ÏF�1:

Ẽ[(1+ r)−τ(Xτ −K )+] ≤ Ẽ[(1+ r)−N(XN −K )+],

�*þ, Ï�±kÏ���m��, Ø(½5��(ÅÄ5O\), 
3ºx¥5ÿÝe, ù«Ø(½5éAXe��5

�, ¤±���1(N)�Ï"d��p.

y. 3�dÿÝ P̃ e, {X̃n} ´�, ¤±

(1+ r)−n(Xn −K )+ = (X̃n − (1+ r)−nK )+,


 (1+ r)−nK 4~, � {X̃n − (1+ r)−nK} ´e�. qd
x 7→ x+ ´à�4O�¼ê, ¤±

{(1+ r)−n(Xn −K )+, n ≥ 0} ´e�.

�´ τ ≤ N, d½n 6.2.2, ·K�y.
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Ä�Vg
û)y ½d�1�Ä�½n
Ï��~
��ä]�½d�.

�ÄXe{ü½|(ù´ë�nØ�¢��xù):

��ä�./��ª�.

� {Xn : n ≥ 0} : ºxy d�(~��), ηn := Xn−Xn−1

Xn−1
: ÞÌ.

b�ÞÌ´ÕáÓ©Ù�: - ξn := 1+ ηn(= Xn/Xn−1 > 0) ∼

P(ξn = u) = p > 0, P(ξn = d) = q = 1− p > 0.

Ù¥, ξn �ü��U� u, d : u > d > 0.

¯K: �o^�e½|´k��? �o^�e½|´���?

(|ÇE�� r , X̃ ´ X �òyL§. P (Gn) � {Xn} �g,
6.)
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Ä�Vg
û)y ½d�1�Ä�½n
Ï��~
��ä]�½d�.

k�½|´��3�d�ÿÝ P̃ ¦�

Ẽ[X̃n|Gn−1] = X̃n−1

(
= X̃n−1(1+ r)−1Ẽ[ξn]

)
⇒

�3�d�ÿÝ�du, �3�dVÇÿÝ P̃, ¦�

Ẽ[ξn] = 1+ r .

(�dÿÝ�¬UC p ��.) � P̃(ξn = u) = p̃. �

up̃ + d(1− p̃) = 1+ r

�, (X̃n) 3VÇÿÝ P̃ �e´�.

½½½|||kkk����¿©7�^�´ u > 1+ r > d .
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Ä�Vg
û)y ½d�1�Ä�½n
Ï��~
��ä]�½d�.

¯¢þ,

1 þ¡�§��=� u > 1+ r > d �k) p̃ = 1+r−d
u−d .

2 VÇ��å: Ï� p̃ ´VÇ, 7L÷v 0 < p̃ < 1.

3 í�Ø�ª:
- �¦ p̃ > 0 §7L 1+ r − d > 0 =⇒ r > d − 1 £=
1+ r > d ¤.
- �¦ p̃ < 1 §7L 1+ r − d < u − d =⇒ 1+ r < u.

4 �Ñ�ª(Ø:

]��ÂÃÇ7L©Ù3Ãºx|Ç�üý. 
��d�ÿÝ´
���, =½½½|||������(¤kºxþ��éÀK).

5. p̃ Ø´ý¢VÇ p, 
´�
�E�
N�Ñ5�ºººxxx¥¥¥555
VVVÇÇÇ.
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Ä�Vg
û)y ½d�1�Ä�½n
Ï��~
��ä]�½d�.

fây²
½|k�(Ã@|), y3?Ø½|´Ä������.

��������½½½|||{ü`, Ò´

⋄ ÃØ\�Ù�o, ½|þÑkóä4\�Ù. ½ö`,

⋄ ÃØû)¬�ÂÃ¼ê V ��o�, ·ÑU^�¦ÚÅ r
§E�Ñ5.

½½½|||������555���ØØØ%%%777KKK¹¹¹ÂÂÂ: ¤k½k�ÃÑU�Ä:]�E
�, Ïd½d��.
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37K¥�A^

Ä�Vg
û)y ½d�1�Ä�½n
Ï��~
��ä]�½d�.

��ä�.e��L«�½|��5

�Ä�Ú��ä�.(N = 1), {üå��|Ç� 0, d�Ãºx
ÂÃ 1+ r = 1.

⋄ �5�kü�G�(Þ u ½O d).

⋄ û)y V = V (X1) = V (X0ξ1).

ØØØ%%%¯̄̄KKK: ´Ä�3gK]üÑ (H0,Y0), ¦�

V (X0ξ1) = H0(X1 − X0) + Y0 = H0X0(ξ1 − 1) + Y0?

=, UÄ^�¦ÚÅ �{E�ÑTû)¬�ÂÃ.
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Ä�Vg
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Ï��~
��ä]�½d�.

�âü�G��Ñ�§|:

V (X0u) = H0X0(u − 1) + Y0,

V (X0d) = H0X0(d − 1) + Y0.

kXe��):

H0 =
V (X0u)− V (X0d)

X0(u − d)
,

Y0 =
(u − 1)V (X0d) + (1− d)V (X0u)

u − d
= Ẽ[V ].

(ù�y
1�Ä�½n(½n 6.3.2): 3��ä�.¥, ½|k����, éA��d�ÿÝ P̃ ´���.)
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Ö¿K. �Ãºx|Ç r = 0, �dL§ {Sn, n = 0, 1, · · · ,N} 3º
x¥5ÿÝ Q e´�, �÷v:

S0 = s0, Sn = Sn−1 · ξn,

Ù¥ ξn, n ≥ 1 ÕáÓ©Ùu
Q(ξn = u) = p = 1− Q(ξn = d), � EQ[ξn] = 1(Ï�
r = 0). ½Â{ªwÞÏ�: �ÏF N v½d� K , �3?
¿ 0 ≤ n ≤ N 1�, ÂÃ� (Sn −K )+. -

Vn := max{(Sn −K )+,EQ[Vn+1|Fn]}

� n ���Ï�d�.

1. y²: {Vn, n ≥ 0} 3 Q e´þ�;
2. ^ Jensen Ø�ª`²: {ªwÞÏ�3Ãù|�¦þØ¬J
c1�;

3. � N = 2, s0 = 100, u = 1.1, d = 0.9,K = 105, ¦ V0.
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